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Abstract 

We prove pathwise (hence strong) uniqueness of solutions to stochastic evo- 
lution equations in Hilbert spaces with merely measurable bounded drift and 
cylindrical Wiener noise, thus generalizing Veretennikov's fundamental result on 
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to infinite dimensions. Because Sobolev regularity results implying continu- 
ity or smoothness of functions, do not hold on infinite dimensional spaces, we 
employ methods and results developed in the study of Malliavin-Sobolev spaces 
in infinite dimensions. The price we pay is that we can prove uniqueness for a 
large class, but not for every initial distribution. Such restriction, however, is 
common in infinite dimensions. 

Mathematics Subject Classification (2000): 35R60, 60H15 
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1 Introduction 

We consider the following abstract stochastic differential equation in a separable 
Hilbert space H 

dXt = (AXt + B{Xt))dt + dWu Xo = x£H (1) 

where A : D(A) G H ^ H is self-adjoint, negative definite and such that 
(-^)~^+^, for some 6 G (0, 1), is of trace class, B : H ^ H and W = {Wt) is a 
cylindrical Wiener process. About we only assume that it is Borel measurable 
and hounded: 

BeBb{H,H) 

Our aim is to prove pathwise uniqueness for ([T]), thus gaining an infinite dimen- 
sional generalization of the famous fundamental result of Veretennikov |Ve80j in 
the case H = W^.We refer to [Zv74] and |TTW74] for the case H = R as well 
as to the generalizations of |Ve80j to unbounded drifts in |KR05j . |Zha05j and 
also to the references therein. We note that |TTW74] also includes the case of 
a-stable noise, a > 1, which in turn was extended to R'^ in [PrlO] . 

Explicit cases of parabolic stochastic partial differential equations, with space- 
time white noise in space-dimension one, have been solved on various levels of 
generality for the drift by Gyongy and coworkers, in a series of papers, see |AG01j . 
jGo98] . [GNnij . [GN99], j(;;P93j and the references therein. The difference of the 
present paper with respect to these works is that we obtain a general abstract 
result, applicable for instance to systems of parabolic equations or equations with 
differential operators of higher order than two. As we shall see, the price to pay 
for this generality is a restriction on the initial conditions. Indeed, using that for 
B = there exists a unique non-degenerate (Gaussian) invariant measure /i, we 
will prove strong uniqueness for /_i-a.e. initial x £ H or random //-valued x with 
distribution absolutely continuous with respect to /i. 
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At the abstract level, this work generalizes [DFlOj devoted to the case where 
B is bounded and in addition Holder continuous, but with no restriction on the 
initial conditions. To prove our result we use some ideas from |KR05j . [FGPlOj . 
|DF10j and [FFlOj . 

The extension of Veretennikov's result |Ve80j and also of |KR05j to infinite 
dimensions has resisted various attempts of its realization for many years. The 
reason is that the finite dimensional results heavily depend on advanced parabolic 
Sobolev regularity results for solutions to the corresponding Kolmogorov equa- 
tions. Such regularity results, leading to continuity or smoothness of the solu- 
tions, however, do not hold in infinite dimensions. A technique different from 
[Ve80] is used in [FGPlOj (see also [DFlOj . [FFlO] and [PrTO]). This technique 
allows to prove uniqueness for stochastic equations with time independent coef- 
ficients by merely using elliptic (not parabolic) regularity results. In the present 
paper we succeed in extending this approach to infinite dimensions, exploiting 
advanced regularity results for elliptic equations in Malliavin-Sobolev spaces with 
respect to a Gaussian measure on Hilbert space. To the best of our knowledge 
this is the first time that an analogue of Veretennikov's result has been obtained. 

Given a filtered probability space (il, J^, (J^^ ), P), a cylindrical Wiener process 
W and an J^Q-measnicahle r.v. x, we call mild solution to the Cauchy problem 
([T]) a continuous J^t-adapted valued process X = (Xt) such that 

Xt = e*^x + f e(*-^)^5 (Xs) ds + f e^'-'^^dWs- (2) 
Jo Jo 

Existence of mild solutions on some filtered probability space is well known (see 
Chapter 10 in |DZ92] and also Appendix A.l). Our main result is: 

Theorem 1. Assume Hypothesis 1. For jx-a.e. (deterministic) x £ H, there is 
a unique (in the pathwise sense) mild solution of the Cauchy problem ([ip. 

Moreover, for every To-measurable H -valued r.v. x with law iiq such that 
HQ « ^ and 

L (It) < °° 

for some C > Ij there is also a unique mild solution of the Cauchy problem. 

The proof, performed in Section [3l uses regularity results for elliptic equations 
in Hilbert spaces, given in Section 2 where we also establish an ltd type formula 
involving u{Xt) with u in some Sobolev space associated to In comparison 
with the finite dimensional case (cf. |KR05j ). to prove such Ito formula we do 
not only need analytic regularity results, but also the fact that all transition 
probability functions associated to ([2]) are absolutely continuous with respect to 
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II. This result heavily depends on an infinite dimensional version of Girsanov's 
theorem. Though, also under our conditions, this is a "folklore result" in the 
field, it seems hard to find an accessible reference in the literature. Therefore, 
we include a complete proof of the version we need in the appendix for the 
convenience of the reader. 

Concerning the proof of Theorem [T] given in Section 3 we remark that, in 
comparison to the finite dimensional case (see, in particular, |Fe09j and |FF10j ). 
it is necesary to control infinite series of second derivatives of solutions to Kol- 
mogorov equations which is much more elaborate 

Examples are given in Sectional 

1.1 Assumptions and preliminaries 

We are given a real separable Hilbert space H and denote its norm and inner 
product by |-| and (•, •) respectively. We follow |DZ92] . |DZ02| . |Da04j and assume 

Hypothesis 1 A : D{A) C H ^ H is a negative definite self-adjoint operator 
and {—A)~^~^^ , for some 5 G (0, 1), is of trace class. 

Since A^^ is compact, there exists an ortlionormal basis (e/j) in H and a 
sequence of positive numbers (A^) such that 

Ask = -Xkek, k£N. (3) 

Recall that A generates an analytic semigroup e*"^ on H such that e^^ej- = 
e~^**efc. We will consider a cylindrical Wiener process Wt with respect to the 
previous basis (e^). The process Wt is formally given by "Wj = X^fc>i /3fc(t)efc" 
where /3fc(t) are independent one dimensional Wiener process fsee " jDZ92j for 
more details). 

By Rt we denote the Ornstein-Uhlenbeck semigroup in Bh{H) (the Banach 
space of Borel and bounded real functions endowed with the essential supremum 
norm || • ||o) defined as 

RMx)= [ ip{y)N{e'^x,Qt){dy), if € Bt{H), (4) 

where N{e^^x,Qt) is the Gaussian measure in H of mean e^^x and covariance 
operator Qt given by, 

Qt = -\A-\l-e^'^), t>0. (5) 

We notice that Rt has a unique invariant measure /U := N{0,Q) where Q = 
— ^ A~^. Moreover, since under the previous assumptions, the Ornstein-Uhlenbeck 
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semigroup is strong Feller and irreducible we have by Doob's theorem that, for 
any t > 0, x ^ H , the measures N{e^^x,Qt) and jj, are equivalent (see |DZ02j ). 
On the other hand, our assumption that {—A)~^~^^ is trace class guarantees that 
the OU process 

Zt = Z{t,x) = e'^x+ I'e^'-'^^^dWs (6) 
Jo 

has a continuous i^-valued version. 

If H and K are separable Hilbert spaces, the Banach space L^{H, /x, K), p > 
1, is defined to consist of equivalent classes of measurable functions f : H ^ K 
such that \fW^i[dx) < +oo (if K = M we set LP{H,fi,R) = LP{H,fi)). We 
also use the notation LP{^) instead of L^^H, /i, K) when no confusion may arise. 

The semigroup Rt can be uniquely extended to a strongly continuous semi- 
group of contractions on LP{H,fj,), p > 1, which we still denote by Rt, whereas 
we denote by Lp (or L when no confusion may arise) its infinitesimal generator, 
which is defined on smooth functions (p as 

Lifix) = ^Tv{D\{x)) + {Ax,Dip{x)), 

where Dcp[x) and D'^ip[x) denote respectively the first and second Frechet deriva- 
tives oi if at x ^ H. For Banach spaces E and F we denote by C^{E, F), k > 1, 
the Banach space of all functions f : E ^ F which are bounded and Frechet 
differentiable on E up to the order A; > 1 with all derivatives bounded and 
continuous. We also set C^{E,R) = C^{E). 

According to |DZ02j . for any if G Bb(H) and any t > one has Rtif G 
C^{H) = r\k>iC^{H). Moreover, 

{DRt<p{x), h)= [ {Ath, QPy)^{e'^x + y)N{0, Qt){dy), h € H, (7) 

where Qt is defined in ([5]), 

_ 1 

and y i— t- {Ath,Q^ '^y) is a centered Gaussian random variable under /it = 
iV(0,Qj) with variance jAj/ip for any t > (cf. |DZ92[ Theorem 6.2.2]). Since 

A,e. = ^/2(A,)i/V*^ni-e"'*'^)"'/'efc, 

we see that, for any e E [0, oo), there exists Q > such that 

\\{-ArKt\\c<C,t~"2~\ (9) 
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In the sequel || • || always denotes the Hilbert- Schmidt norm; on the other hand 
II • II £ indicates the operator norm. 
By d?]) we deduce 

sup \i-AYDRMx)\ = Wi-AYDRtipWo < C,t--2-'\\ip\\o, (10) 
which by taking the Laplace transform yields, for e € [0, 1/2), 

\\(-AYD (A - L2)"Vllo < llv'llo. (11) 

A2 " 

Similarly, we find 

\\{-AyDRM\L2(^^) < at--2~' M\lH>.) (12) 

and 

||(_A)^D(A-L2)-V||l2M < -% M\lH,)- (13) 

Aa 

Recall that the Sobolev space W'^''^{H, fi), p > 1, is defined in [CG021 Section 3] 
as the completion of a suitable set of smooth functions endowed with the Sobolev 
norm (see also |DZ921 Section 9.2] for the case p = 2 and |Sc92j ). Under our 
initial assumptions, the following result can be found in |DZ021 Section 10.2.1]. 

Theorem 2. Let A > 0, / G Lp'{H,ii) and let G D(L2) he the solution of the 
equation 

Xip - L2f = f. (14) 

Then ip e W'^''^{H, fi), {-Ay/'^Dip G L'^{H,pi) and there exists a constant C{\) 
such that 

ML^i,) + [jJD\{x)\\''^Ji{dx)f'\ ||(-^)^/'I)9'||l2(^) <C7||/||,.2(^) (15) 

The following extension to I^ilJ'), p > 1, can be found in Section 3 of |CG02j 
(see also [CGOlj and [MVllj : a finite dimensional result analogous to this for 
non-symmetric OU operators was proved in |MPRS02] ) . 

Theorem 3. Let A > 0, / G LP{H,fi) and let ip G D{Lp) he the solution of the 
equation 

Xip-Lpip = f. (16) 

Then ip G W^'P{H, fi), {—Ay/'^D(p G LP{H,fj,;H) and there exists a constant 
C = C{X,p) such that 

MLPi^) + ( / WDM^W l^idx))'^' + \\{-Ay/^D^U.i,^ < C7||/|Up(^). (17) 
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2 Analytic results and an Ito type formula 

2.1 Existence and uniqueness for the Kolmogorov equa- 
tion 

We are here concerned with the equation 

Xu - L2U - {B, Du) = f, (18) 
where A > 0, / G Bb{H) and B G Bb{H, H). 
Remark 4. Since the corresponding Dirichlet form 



£{u,v) := I {Du,Dv)d^— I {B,Du)vd^ + X / uvdjj, 
Jh Jh Jh 

u,v W^''^{fi), is weakly sectorial for A big enough, it follows by |MR921 Chap. 
I and Subsection 3e) in Chap. II] that ^Bj) has a unique solution in D[L2). 
However we need more regularity for u. 

Proposition 5. Let A > Aq, where 

X^:=A\\B\\lCl^. (19) 
Then there is a unique solution u G D{L2) of (jlSp given by 

u = ux = {X-L2r\l-Txr^f, (20) 

where 

Tx^:={B,D{X-L2)-\). (21) 
Moreover, u G Cl{H) with 

||n||o<2||/||o, ||(-A)^Z)n||o<^ ll/llo, eG [0,1/2), (22) 

A2 " 

and, for any p >2,u£ W^''p{H, fi) and, for some C = C{X,p, \\B\\o), 

\D'^u{x)f ^i{dx) <C I \f{x)\'P ^{dx). (23) 

H JH 

Proof. Setting ip := Xu — L2U, equation (jlSp reduces to 

^-m = /• (24) 
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If A > Ao by ([13]) we have 

||Ta9?||l2(^) < ^ ||(^||l2(^), V G L^{^A, 

so that (p^ has an unique solution given by 

i^ = {i-T^r^f. 

Consequently, (fT8]) has a unique solution -u G L?'{H,ii) given by ([20|) . The same 
argument in Bb{H), using (fTT|) instead of (fT3|) shows that 

II^AV^IIo < ^ llv^llo, ^eBb{H), 

and that ^ G Bb{H) and hence by (f20]) also u G Bb{H). In particular, ((22]) is 
fulfilled by (jlip . To prove the last assertion we write Xu — L2U = {B, Du) + / 
and use estimate (i22]l with e = and Theorem [3l □ 

2.2 Approximations 

We are given two sequences (/„) C Bi,{H) and {Bn) C Bi){H,H) such that 
(^) fn{x)^f{x), Bn{x) ^ B{x) fi-a.s.. 

(25) 

(iO ||/n||o<M, ||S„||o<M. 



Proposition 6. Let A > Aq, where Aq is defined in (jl9p . T/ien i/ie equation 

XUn - LUn - {Bn, DUn) = fn, (26) 

has a unique solution Un G C^{H) n D(L2) given by 

Un = {X-Ly\l-Tn,xr^fn, (27) 

where 

T,,^x^:={Bn,D{X-L2r\). (28) 
Moreover, for any e G [0, 1/2), with constants independent of n, 

2C 

\\unh<2M, ||(-^)^Dn„||o < (29) 

A2 ^ 

Finally, we have — >• u, and Dun — Du, in L'^{fi), where u is the solution to 

m. 
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Proof. Set 

It is enough to show that 

i^n^^ mL\H,fi). (30) 

Let A > Ao and write 

■0 - V'n = TxTp - Tn^xTpn + f - fn- 

Then, setting || • ||2 = || • ||l2(^), 

IIV' - V'nib < WTn^Xlp - Tn^XTpnh + H^aV' " Tn^X^^h + ||/ - fnh 
<kU- i^nh + IITaV - Tn,xH2 + 11/ - fnh- 

Consequently 

11^ - i'nh < 2\\Tx^P - Tn,X^P\\2 + 2||/ - fnh- 

We also have 

||rA^-r„,A^||2 < / \B{x)-Bnix)\^\D{X-L2)-^i:{x)\^fl{dx). 

Jh 

Therefore, by the dominate convergence theorem it follows that 

lim \\Txip - Tn^x-fPh = 0. 

n— >cc 

The conclusion follows. □ 

2.3 Modified mild formulation 

For any i £ N we denote the i^^ component of B by B^''\ i.e., 

:= {Bix),ei). 

Then for A > Aq we consider the solution u'-*-' of the equation 

An« - Lw« - {B,Du^'^) = /X -a.s. (31) 
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Theorem 7. Let Xt he a mild solution of equation ([T]) on some filtered probability 
space, let u^^^ be the solution of (j3ip and set X^'^ = {Xt,ei). Then we have 

XP =e-^«*((x,ei) +n«(x)) 
Jo 

+ [ e^^^'^'~'\d{Ws,ei) + {Du^'\Xs),dWs), t>0, P-a.s.. (32) 



Proof. The proof uses in an essential way that, for any t > 0, x £ H, the 
law 7rt{x,-) of Xt = X{t,x) is equivalent to fj,. This follows from Theorem [13] 
(Girsanov's theorem) in the Appendix, by which the law on C([0, T]]H) of X(-, x) 
is equivalent to the law of the solution of ([T|) with B = 0, i.e., it is equivalent 
to the law of the OU process Z{t, x) given in ([B]). In particular, their transition 
probabilities are equivalent. But it is well known that the law of Z{t, x) is 
equivalent to /x for all t > and x £ H in our case (see [Theorem 11.3] |DZ92] ). 

Let us first describe a formal proof based on an heuristic use of Ito's formula, 
and then give the necessary rigorous details by approximations. 

Step 1 Formal proof. 
By Ito's formula we have 

du^'\Xt) = {Du^\Xt),dXt) + ^ Tr [D^u^^ {Xt)]dt 

and so 

du^'HXt) = Lu^'\Xt)dt+{B{Xt),Du^'\Xt))dt + {Du^'HXt),dWt). 

Now, using (f3T]) . we find that 

dn(^)(Xt) = Xu^'\Xt)dt - B^'\Xt)dt + {Du^'\Xt),dWt). (33) 

On the other hand, by ([T]) we deduce 

dxf ^ = -XiXi'^dt + B^'\Xt)dt + dWt^'l 

The expression for B^^\Xt) we get from this identity we insert into ()33p . This 
yields 

dxi'^ = -XiXfdt + Xu^'\Xt)dt - du^^{Xt) + dW^^ + {Du^'\Xt), dWt). 
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By the variation of constants formula this is equivalent to 

e-A.(t-.)^^(i)(x,)+ I e-^^^*-'\dWf^ + {Du'^^{Xs),dWs)]. 
Jo 

Finally, integrating by parts in the second integral, yields ([32]). 
Step 2 Approximation of B and u. 
Set 

Bn{x)= [ B{e^^x + y)N{fd,Qi){dy), x £ H. (34) 
Jh 

Then Bn is of C°° class and all its derivatives are bounded. Moreover ||-Bn||o ^ 
||i3||o. It is easy to see that, possibly passing to a subsequence, 

Bn B, fj, — a.s.. (35) 

(indeed Bn B in L? {H , fi; H); this result can be first checked for continuous 
and bounded B). 

(i) 

Now we denote by Un the solution of the equation 



An« - Ln« - {Bn, Du^^ ) = , (36) 



where Bn^ = {Bn,ei). By Proposition [6] we have, possibly passing to a subse- 
quence, 

lim = u^'\ lim Du« = Du^'\ n - a.s., (37) 

n— >oo n— >oo 

sup Wu^n'^Wcum = Ci < oo, 

n>l 

where u^^^ is the solution of (I3ip . 
Step 3 Approximation of Xt . 

For any m G N we set Xm,t '■= T^mXt, where -Km = Z^j=i dj ® Cj. Then we 
have ^ ^ 

Xni,t = T^mX + I AmXsds + I TTmB{Xs)ds + TT^VFt, (38) 

JO Jo 

where Am = tTuiA. 

Now we denote by Un,m the solution of the equation 

AnW - Ln« - (7r^5„ o 7r„, ) = i?« o vr^, (39) 
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where {Bn o ■Km){x) = Bn{T^mx), X £ H. Since only a finite number of variables 
is involved, we have, equivalently, 

A7;(*) - L 7;(*) - (tt B O TT D?/*) \ — O TT 

with 

L^y. = ^ Tr K„Z)V] + (^mx, I^v')- (40) 
Moreover, since Un'm depends only on the first m variables, we have 

«n,ln(7i"my) = ^^^(y), y^H, n,m,i > 1. (41) 
Applying a finite-dimensional Ito's formula to Un^m{Xm,t) = Un^m{Xt) yields 

+ {DuSmiXm,t),A^Xt + TTmB{Xt))dt (42) 
+ {DuSmiX„,,t),TTmdWt) 

On the other hand, by (i39]l we have 

'1''n,m(^m,t)] 

— {DUn^m{Xm,t), AmXm,t + '^mBn{Xm,t)) = Bn\Xm,t)- 

Comparing with (j42p yields 

dUn^rn{Xm,t) = XUn^rn{Xra,t)dt — Bn\Xjn,t)dt 

+{DuSmiXm,t),7rmiBiXt) - BniXm,t)))dt (43) 



Taking into account ()4ip . we rewrite ()43p in the integral form as 

ng„(Xi)-ng„(X,) 

An»^(X,)(is- f Bii\Xm,s)ds 

J r 

{Du'^^Xs), {B{Xs) - Bn(,X^,s)))ds + [\DuSm{Xs),dWs), (44) 

12 



t > r > 0. Let us fix n, i > 1 and x €z H. 

Possibly passing to a subsequence, and taking the limit in probability (with 
respect to P), from the identity ()44p we arrive at 

du^:\xt) = xu^:\xt)dt - B^:\xt)dt 

(45) 

+ {Du^n\Xt), {B{Xt) - Bn{Xt)))dt + {Du^:\Xt),dWt), P-a.s.. 

Let us justify such assertion. 

First note that in equation (j39|) we have the drift term tt^B^ 

o iTjn which 



(i) ■ ■ . (i) 

converges pointwise to Bn and Bn which converges pointwise to B n as TTi y 
oo. Since such functions are also uniformly bounded, we can apply Proposition 
Eland obtain that, possibly passing to a subsequence (recall that n is fixed), 

lim u^^]^ = u^^\ lim Du%, = Du^^\ fi-a.s., (46) 

sup Wu^n^WcUH) =Ci<00. 
m>l 



Now we only consider the most involved terms in 

We have, using that the law iTt{x, •) of Xt is absolutely continuous with respect 
to n, 



Ej \u^:>^{Xs)-u^:>{Xs)\ds = J ds JJu^:>^{y)-u(:>{y)\^^{y)f,{dy), 
which tends to 0, as m — )• oo, by the dominated convergence theorem (using 

m)- 

This implies linim^oo Atin,lrt(^s)(is = Jl \un\Xs)ds in L^{Vt,¥). Simi- 
larly, we prove that u^^m{Xt) and Un]m{Xr) converge respectively to Un\Xt) 
and {Xr) in L^. 

To show that 

lim E f {Du'i^^{Xs),Ti^{B{Xs) - BniX^M (47) 

-{Du'i\Xs), {B{X,) - Bn{Xs)))\ds = 0, 
it is enough to prove that limm^oo Hm + Km = 0, where 

Hm = l& [ \{DuSm{Xs) - Dn«(X,),7r„(S(X,) - B„(X„,,))) |ds 

J r 
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and 

K^=E f\{Du^:\Xs), [TTmBiXs] - B{Xs)] + [Bn{Xs) - Tr^Bn{X^,s)])\ds. 
Jr 

It is easy to check that hmm,_^oo = 0. Let us deal with Hm- We have 



Hm<2\\B\\o I ¥.\Du'^ll,{Xs) - Du^l\Xs)\ds 

Jr 



(48) 



which tends to as m — )■ oo by the dominated convergence theorem (using ()46p ). 
This shows ([iT]) . 

It remains to prove that 

hm [\Du^:')^{X,),dWs) = [\Du^:\Xs),dWs), mL\n,F). 
To this purpose we use the isometry formula together with 



hm / E 



Du'^UXs) - Du^\Xs) 



ds = 



(which can be proved arguing as in (|48p ). Thus we have proved 

In order to pass to the limit as n — t- oo in (j45p we recall formula ()37p and 
argue as before (using also that 7rt{x,-) « fi). We find 

n«(Xj)-n«(X,) (49) 
= f Xu^'^{X,)ds- f B^\X,)ds+ j\Du^\Xs),dWs), 

J r J r J r 

t > r > 0. Since u is continuous and trajectories of (Xf) are continuous, we can 
pass to the limit as r — t- 0^ in ()49p . P-a.s., and obtain an integral identity on 
[0,t]. 
But 

dxf ^ = -XiXf'^dt + {Xt)dt + dW^^ , P-a.s.. 

Now we proceed as in Step 1. Namely, we derive B^'^\Xt) from the identity above 
and insert in (jM]); this yields 



dxf' = -XiXfUt + Xu^^{Xt)dt - du^'\Xt) + dwj;'' + (Du^'^Xt) , dWt) , 
-a.s.. Then we use the variation of constants formula. □ 
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Remark 8. Formula (j49p with r = seems to be of independent interest. As 
an application, one can deduce, when x £ H is deterministic, the representation 
formula 



/•oo 

Jo 



This follows by taking the Laplace transform in both sides of ()49p (with r = 0) 
and integrating by parts with respect to t. 

The next lemma shows that u{x) = ^/^^^i u^^\x)ek (n^'^^ as in (|3ip ) is a well 
defined function which belongs to Cl{H, H). Recall that Aq is defined in ()19p . 

Lemma 9. For X sufficiently large, i.e., X> X, with X = X{A, ||-B||o) there exists 
a unique u = u\ £ Cl{H,H) which solves 



u[x 



/•oo 

/ e-^^Rt{Du{-)B{-) + B{-)){x)dt, x £ H, 
Jo 



where Rt is the OU semigroup defined as in Q and acting on H -valued functions. 
Moreover, we have the following assertions. 

(i) Let e G [0, l/2[. Then, for any h e H, {-AyDu{-)[h] G Cb{H,H) and 
\\{-AYDu{-)[h]\\o <C,,x\h\; 

(a) for any k > 1, {u{-), e^) = u^^\ where u^^^ is the solution defined in (j3ip ; 

(Hi) There exists C3 = C3{A, ||-B||o) > such that, for any X > X, u = u\ 
satisfies 

\\Du\\o < (50) 
Proof. Let E = C^{H, H) and define the operator 5a, 



Sxv{x) 



/•oo 

/ e~^^Rt{Dv{-)B{-)+B{-)){x)dt, v G E, x £ H. 
Jo 



To prove that Sx : E ^ E we take into account estimate (|lip with e = 0. 
Note that to check the Frechet differentiability of in each x £ H we first 
show its Gateaux differentiability. Then using formulas d?]) and (jlip we obtain 
the continuity of the Gateaux derivative from H into L{H) [L{H) denotes the 
Banach space of all bounded linear operators from H into H endowed with || • \\c) 
and this implies in particular the Frechet differentiability. 

For A > (Ao V 2||i?||o), 5a is a contraction and so there exists a unique u £ E 
which solves u = S\u. Using again (jlip we obtain (i). Moreover, (ii) can be 
deduced from the fact that, for each k > 1, Uk = {u{-), et) is the unique solution 
to the equation 

/•oo 

Uk{x)= / e-'''Rt{{Duk{-),B{-))+B\-)){x)dt, x £ H, 
Jo 
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in C^{H) (the uniqueness follows by the contraction principle) and also the func- 
tion M^'^) G Cl{H) given in (|3ip solves such equation. Finally (iii) follows easily 



from the estimate 



Du\\o < ^{\\Du\\o \\B\\o + ||B||o), A > (Ao V \\B\\q). 



□ 



3 Proof of Theorem [T] 



We start now the proof of pathwise uniqueness. 

Let X = (Xt) and Y = (Yj) be two continuous J-j-adapted mild solutions 
(defined on the same filtered probability space, solutions with respect to the 
same cylindrical Wiener process), starting from the same x. 

For the time being, x is not specified (it may be also random, /x)-™6asurable). 
In the last part of the proof a restriction on x will emerge. 

Let us fix T > 0. Let u = u\ : H ^ H he such that u{x) = Ylii>i u^^\x)ei, 

X E H, where solve (j3ip for some A large enough (see Proposition [5]) . 

By ([50]) we may assume that ||-Dti||o < 1/2. We have, for t E [0,T], 

Xt-Yt = u (Yt) - u {Xt) + {\-A) f e(*-^)^ (n (X,) - u (K,)) ds 

Jo 



+ 



/* 

Jo 



,{t-s)A 



{Du{Xs)- Du{Y,))dWs. 



It follows that 



\Xt-Yt\ <-\Xt-Yt\ + 



(X-A) e(*-^)^(n(X,)-n(n))ds 
Jo 

■t 



,{t-s)A 



{Du {Xs) - Du{Ys))dWs 







Let r be a stopping time to be specified later. Using that 1[o^t-](0 = 1[o,t](^)" 
l[o,r](s), < s < t < r, we have (cf. |DZ92l page 187]) 

l[o,,](t)|Xi-yi| <Cl[o,,](i) (A-^) f e^'-'^^{u{X,)-u{Ys))ds 

Jo 

+ C l[o,,](t) / e^'-'^^{Du{Xs)-Du{Y,)) Ip,,] (s) dW^. 
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where by C we denote any constant which may depend on the assumptions on 
A, B and T. 

Writing 1[q.^]{s)Xs = Xg and 1[q.,-]{s)Ys = Yg, and, using the Burkholder- 
Davis-Gundy inequahty with a large exponent q > 2 which wih be determined 
below, we obtain (recall that || • || is the Hilbert-Schmidt norm, cf. |DZ921 Chapter 
4]) with C = Cq, 



E 



X,-Y 



+ CE 



< CE 



1[o,t](s) 



^it-s)A 



{Du{Xs)-Du {Ys)) 



q/2- 



In the sequel we introduce a parameter 9 > and Cg will denote suitable con- 
stants such that —7- as —7- +oo (the constants may change from line to 
line) . This idea of introducing 6 and Cq is suggested by jlslH page 8] . Similarly, 
we will indicate by C(A) suitable constants such that C(A) — )• as A — )■ +oo. 
Prom the previous inequality we deduce, multiplying by e"*^^*, for any 9 > 0, 



E 



-get 



< CE 
+ CE 



Xt-Yt 
iX-A) 



(51) 



it-s)^(t-s)A _ ^ (y^)) e-'n^o,r] is) ds 



,(t-s)A 



(Du {Xs)-Du {Ys)) 



-203 



^[0,r] {s)dsj 



q/2- 



Let us deal with the first term in the right-hand side. Integrating over [0, T], and 
assuming > A, we get 



T 



C7E 



(X-A) e~"^'-''>e'^'~''>^{u{Xs)-u{Ys))e-'n[o,r]{s)ds 



11 



= CE 

<h + l2, 

where 

h = C2^-^E 
I2 = CE 



(X-A) I e-^(*-^)e(*-^)^(n(X,)-tx(n))e-^n[o,,](s)ds 



dt 
dt 



{9 -A) e^'-^^^^-'^ {u{Xs) - u{Y,))e-'n^o,r]{s)ds 
Jo 

20e-^(*-^)e(*-^)^ (n (X,) - u (Y,)) e'^np,,] {s) ds dt 



dt 
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Let us estimate Ii and I2 separately. To estimate /i, we use the L'^-maximal 
inequality (see, for instance, |KW041 Section 1]). This implies that, P-a.s., 



(e-A) e(*-^)(^-^)(n(X,)-n(n))e-^n[o,,](s)(i^ 



dt 



< C4 / e 
Jo 



-Bqs 



u{Xs)-u{YsT\o^,^ (s) ds, 



where it is important to remark that C4 is independent on > 0. To see this look 
at |KW041 Theorem 1.6, page 74] and note that for a fixed a £ (7r/2,7r), there 
exists c = c{a) such that for any > 0, /i G C, /i 7^ 0, such that \arg{fj,)\ < a we 
have 



c{a) 



(52) 



Continuing we get 



h<C{X) / e 
Jo 



-Bqs 



— Yf, 



ds, 



with C(A) = Co||£>u||o ^ as A +00. 

Let us deal with the term 12- Given t E (0, T], the function s 1— )• e~^^*~*^(l- 



-et\-i 



is a probability density on [0, t] and thus, by Jensen's inequality. 



T 



1-e 



h = C2«E 
{u{X,)-u{Ys))e~''\o,r\ (5) Y 



t a -eit-s) 

(*-«)^ (^(Y \ - n, (vw^~'^^^,r. , (^\ — —ds 



dt 



< CE 



T 



< C\\Du\\lE 



1 - e 

T 





1^ |n(X,)-^(y,)re-^^n[o,.](.)Y 



-6»(t-s) 



-et 



■dsdt 



C\\Du\\lE 



1 - e 

T / f-T 



q-l 



-e{t-s) 



Xx — Yf: 



-"'^'dsdt 







1 - e 



q~l 



Xx — Yg 



'ds 



< (5(A) E 











[f 


Xg — Ys 




'^ds 


Jo 
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because (l — e ^'^Y ^ 9e '^^dt < 1, for any 9 > X. Thus we have found 



E 



{X-A) I e~'^'~'^e^'-'^^{u{Xs)-u{Ys))e-'n^o,r]{s)ds 
< C{X)E 



(53) 











if 


Xs — Ys 




'^ds 


Jo 









Now let us estimate the second term on the right-hand side of (jSip . For i > 
fixed, Lemma [23] from Appendix A. 2 imphes that ds P-a.s on [0, t] x Q 



n>l 

k>l n>l 

= V e-2^"(*-^) [\DDkU^^\z:),X,-Y,)dr^ 

k,n>l 

n>l / 



< 



where = (W"),efc), DhDkU^"^ = {D^u(''hh,ek) and 

X^h fc>i l-^ft-^fc^^"^-^)!^) for /i-a.e. z £ H and as before 

Z[ = Z['^' = rXi + (l-r)y,. 
Integrating the second term in (|5ip in t over [0,T], we thus find 



Ft := / E 



2 X q/2- 

ds 



dt 



< / E 



-26»(t-s) 



l[0,r](s) 



^ e-2A„(t-.)||^2^{n)(^r)||2\ e-2e.|^^ _ y^|2^<. 



q/2- 



dt. 



n>l 
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Now we consider 6 G (0, 1) such that {—A) is of finite trace. Then 



Tt < 

"1 



-20{t-s) 







< C 



I r / / e ^ ' 



n.>l 



An 



dr e 



-2031 



X,-YJ^ds 



9/2 



dt 



E 



{t-s) 



T3jl[0,r](s) 



An ^ 



g/2 



n>l 



(it. 



Let us explain the motivation of the previous estimates: on the one side we isolate 
the term ^^^^ '^^y-l which will produce a constant Cg arbitrarily small for large 9; 

on the other side, we keep the term -j^^ in the series X]n>i Ti^ll-^^^''"H^r)lP; 
otherwise, later on (in the next proposition), we could not evaluate high powers 
of this series. 

Using the (triple) Holder inequality in the integral with respect to s, with 
1 + ^ + ^ = 1, 7>1 and /3 > 1 such that (1 — (5)/3 < 1, and Jensen's inequality 
in the integral with respect to r, we find 



At 



T 



iXs-Ysl'^ds 



(54) 



where 

l-T g-2/39r \ 9/2/3 

/o 

(which converges to zero as — ?• oo) and 



A- 



T 




9/27 



dt. 



We may choose 7 = | so that ^ = 1. This is compatible with the other 
constraints, namely q > 2, | + -^ + i = l, /?>1 such that (1 — 6)(3 < 1, because 
we may choose /3 > 1 arbitrarily close to 1 and then solve | + ^ = 1 for q, which 
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would require q > 4). So, from now on we fix g G (4, oo) and 7 = q/2. Hence 



At := 



Jo Jo y„>iAn J 



dr ds dt 



Define now, for any R > 0, the stopping time 



•^0 •''0 \n>l^n I 



dr ds > R 



and = T if this set is empty. Take r = in the previous expressions and 
collect the previous estimates. Using also (f53l) we get from (|5T]) . for any 9 > \, 



e-i'^^ElXf -YA'^dt 



< C{X) / e-'?^"E|X, - y.l'^ds + CeR / e^^'^^ElX, - Y^l'^ds. 
Jo Jo 

Now we fix A large enough such that C(A) < 1 and consider 6 greater of such A. 
For sufficiently large 9 = 9r, depending on R, 



E 



e-''^«*l[o,.«](t)|Xi-yirdt 



= E 


[/ 




L JO 


X = 


Y 



^^^\Xt-Yt\'^dt 



0. 



X and Y are continuous processes). We have lim/j_>.oo Tpi = T, P-a.s., because of 
the next proposition. Hence, P-a.s., X = y on [0,T] and the proof is complete. 

Proposition 10. For fi-a.e. x £ H, we have P(S'|. < 00 I =1, where 



dr ds, 



with 7 = q/2. The result is true also for a random J^q -measurable H -valued 
initial condition under the assumptions stated in TheoremU^ 
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Proof. We will show that, for any x G H, fi-a.s., 

E[5f] < +00. 

We will also show this result for random initial conditions under the specified 
assumptions. 

Step 1. In this step x £ H is given, without restriction. Moreover, the result 
is true for a general J^Q-measurah\e initial condition x without restrictions on its 
law. 



We have 



where 
Define 



Bl = [rBiX,) + (1 - r)i?(y,)], r G [0, 1]. 



exp 



* - 1 
BldW, - - 



iBll^ds 



We have, since \Bl\ < ||i?||o, 



E 



exp I A; / \Bl\^ds 



< Cfc < 00, 



(55) 



for all G M, independently of x and r, simply because B is bounded. Hence an 
infinite dimensional version of Girsanov's Theorem with respect to a cylindrical 
Wiener process (the proof of which is included in Appendix, see Theorem [T3|) 
applies and gives us that 



t •- 



Wt+ / Bids 



is a cylindrical Wiener process on (J},T,{Tt)t£[oT] ^^r] where 
Hence 



is the sum of a stochastic integral which is Gaussian with respect to ¥r, plus the 
independent (because /"o-uieasurable) random variable e'''^x. Its law is uniquely 
determined by A, r and the law of x. 
Denote by Wa (t) the process 



Wa (t) :-- 



22 



We have e '^x + Wa (•) = Z"^ in law. We have 



E[5f ] = E 



Jo Jo \„>iAn 



dr ds 



T ri 




E 



JO 



An 



in>l 



drds. 



Applying the Girsanov theorem, we find, for r G [0, 1], 



(56) 



E 



, n>l 



An 



27 



1 



rM|2 



< E[p-i] + E 
By ([56]) it follows that 
E[5f ] < T /" ^[p-^]dr + / E 

JO JO 



^•^1 An 



1/2 



27- 



An 



27- 



, n>l 



(57) 



Step 2. We have E [p~^] < C < oo independently of x £ H (also in the case of 
an /"o-nieasurable x) and r G [0, 1]. Indeed, 



E = E 
= E 



exp( BldWs + \j^ m-'ds 
exp( /*4W,+ f^-l^ Tl^n'^^ 











< E 



exp 25,^ciW^, - ^ ^ |2^J|2ds^ 



1/2 



1/2 



by (1551) • But 



E 



exp( / 2BldWs-^J^ l^Bll'^ds 
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because of Girsanov's theorem. Therefore, E [pr^] is bounded uniformly in x 
and r. 

Step 3. Let us come back to (f57l) . To prove that E[5f.] < +00 and hence 
finish the proof, it is enough to verify that 

27- 







[ E 


[( 


Jo 





\n>l J 



ds < 00. 



(58) 



If fig denotes the law of e^^x + Wa {s), we have to prove that 



/7 (Et^iII^^-^-^ 

Jo Jh A„ 



27 



fig{dy)ds < 00. 



(59) 



Now we check (|58|) for deterministic x £ H. In Step 4 below we will consider the 
case where x is an J^o-™easurable r.v.. 
We estimate 



n>l ^ ^ 



1 



n>l 



(1-'5)(2|^, 



27-1 



)r7,^i|47 



n>l 



Since g^Z^ > 1 we have X^„>i 27 < 00. Hence we have to prove that 



rp 

[ [ j;||I)V")(y)||%f(dy)ds<oo. 
Jo Jh 



(60) 



Unfortunately, we cannot verify (j60p for an individual deterministic x £ H. On 
the other hand, by (j23p we know that, for any r] >2, 



D^u^""^ (z) ;u(dz) < Cr, / |B("na;)rM((^a;), 
where is independent of n. Hence we obtain 

■^^ n>l n>l 

< ^47 ll^llo^^^ / \Bix)\'^ Kdx) < C44B\ 
Jh 

This estimate is clearly related to (j60p since the law /xj is equivalent to /x for 
every s > and x. The problem is that degenerates too strongly at s = 0. 
Therefore we use the fact that 



47 
• 



H \JH 



f (z) fis (dz) /u (dx) = f{z)fi (dz) , 



H 



24 



for all s > 0, for every non-negative measurable function /. Thus, for any s > 
with / (y) = Zn>i \\D^u(^\y)\\^"' , we get 



(dy) fi {dx) 



n>l 



Step 4. We prove (|58|) in the case of a random initial condition x J-q- 
measurable with law /io such that /xq << and h^d^ < oo for some ( > I, 
where /iq := 

Denote by //^ the law of e'^^x + Wa (s), s > 0. We have to prove that 



r/ (ETilll^'^^"^(2/)f)%.(d2/)ds<(X). (61) 
Jo Jh A„ y 

But, since e'^'^x and Wa{s) are independent, it follows that 

fis{dz) = / ulidz) noidy). 
Jh 

Hence, for every Borel measurable / )'M, if^-|-^ = l, with C > 1, we have 

\fiy)\fJ^sidy) < \\ho\\ (62) 
By (|62]l . we have (similarly to Step 3) 



H 



Jo Jh \>i A„ 

(/ (E^\\D"-^'^^(y)\\T''^<dy) 

^ J H ^ An ^ 



< ^ II^oIIlc(^) 



fis{dy)ds 

i/C 



By 

n>l 



n>l x*- 'V27C'-iy n>l n>l 

~ An - — 
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we obtain 



•'^ n>l 



i/C 



which is finite since 



^ n>l 

Jh 



The proof is complete. □ 
Remark 11. Let us comment on the crucial assertion ()59p . i.e., 

Jo Jh \>i A„ / 
This holds in particular if for some p > 1 (large enough) we have 

r Rs\f\{x)ds<C,,T,p\\f\\LPM, (63) 
Jo 

for any / G L^ifJ') (here Rt is the OU Markov semigroup, see Note that 

if this assertion holds for any x £ H then we have pathwise uniqueness for all 
initial conditions x G H. But so far, we could not prove or disprove ()63p . We 
expect, however, that (I63p in infinite dimensions is not true for all x € H. 

When H = M.'^ one can show that if p > c{d) then (j63p holds for any x ^ H 
and so we have uniqueness for all initial conditions. Therefore, in finite dimen- 
sion, our method could also provide an alternative approach to the Veretennikov 
result. In this respect note that in finite dimension the SDE dXt = b{Xt)dt + dWt 
is equivalent to dXf = —Xtdt + {b{Xt) + Xt)dt + dWt which is in the form ([1]) 
with A = —I, but with linearly growing drift term B[x) = h{x) + x. Strictly 
speaking, we can only recover Veretennikov 's result, if we realize the generaliza- 
tion mentioned in Remark [12] (i) below. In this alternative approach basically 
the elliptic L^-estimates with respect to the Lebesgue measure used in [Ve80] are 
replaced by elliptic LP(;u)-estimates using the Girsanov theorem. 

Let us check ()63p when H = W^ and x = for simplicity. By [DZ021 Lemma 
10.3.3] we know that 

Rtf{x)= / f{y)kt{x,y)n{dy) 
Jh 
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and moreover, according to |DZ021 Lemma 10.3.8], for p' > 1, 

(^l^{h{0,y)r'f,{dy)y^''' = det{I - e^'^'y-^+W det{I + {p' - l)e''^)-W . 
By the Holder inequality (with 1/p' + 1/p = 1) 

J^Rrf{0)dr < (^l^f{y)y{dy)y^' 1^ (^l^{kr{0,y)r'Kdy)y^''dr. 
Thus (|63|) holds with x = if for some p' > 1 near 1, 

f ([ {kr{0,y)r'fi{dy)y^'''dr (64) 

= f [det{I - e^''^)Y^^W [det{I + {p' -l)e^-''^)Y^dr <+oo. 
Jo 

It is easy to see that in M'^ there exists 1 < K{d) < 2 such that for 1 < p' < K{d) 
assertion holds. 

Remark 12. (i) We expect to prove more generally uniqueness for B : H ^ H 
which is at most of linear growth (in particular, bounded on each balls) by using 
a stopping time argument. 

(ii) We also expect to implement the uniqueness result to drifts B which are 
also time dependent. However, to extend our method we need parabolic L^- 
estimate involving the Ornstein-Uhlenbeck operator which are not yet available 
in the literature. 



4 Examples 

We discuss some examples in several steps. First we show a simple one-dimensional 
example of wild non- uniqueness due to non continuity of the drift. Then we show 
two infinite dimensional very natural generalizations of this example. However, 
both of them do not fit perfectly with our purposes, so they are presented mainly 
to discuss possible phenomena. Finally, in subsection 14.41 we modify the previous 
examples in such a way to get a very large family of deterministic problems with 
non-uniqueness for all initial conditions, which fits the assumptions of our result 
of uniqueness by noise. 
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4.1 An example in dimension one 



In dimension 1, one of the simplest and more dramatic examples of non- uniqueness 
is the equation 

Xt = hoir {Xt) , Xq = X 



dt 
where 

boir (x) 



1 if X G 
if X £ 



(the so called Dirichlet function). Let us call solution any continuous function 
Xf such that 

Xt = x+ / boir (Xs) ds 
Jo 

for all t > 0. For every x, the function 

Xt = x + t 

is a solution: indeed, Xg G for a.e. s, hence bu^^ (Xs) = 1 for a.e. s, hence 
/o ^Dir i^s) ds = t for all t > 0. But from x G Q we have also the solution 

Xt = x 

because Xg G Q for all s > and thus boir {Xg) = for all s > 0. Therefore, 
we have non uniqueness from every initial condition x G Q. Not only: for every 
X and every e > 0, there are infinitely many solutions on [0,e]. Indeed, one 
can start with the solution Xf = x + t and branch at any to £ [0, e] such that 
X + to £ Q, continuing with the constant solution. Therefore, in a sense, there is 
non-uniqueness from every initial condition. 



4.2 First infinite dimensional generalization (not of 
parabolic type) 

This example can be immediately generalized to infinite dimensions by taking 
H = P (the space of square summable sequences), 

oo 

Boir (x) = ^ anboir {Xn) Cn 
n=l 

where x = (x^), (e„) is the canonical basis of and a„ are positive real numbers 
such that X^nLi < oo. The mapping B is well defined from H to H, it is Borel 
measurable and bounded, but o course not continuous. Given an initial condition 
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X = (xn) £ H, a a function X (t) = (X^ (t)) has all components Xn {t) which 
satisfy 



Xn (t) =Xn+ I anhoir (^n («)) ds 

Jo 



then X (t) £ H and is continuous in H (we see this from the previous identity), 
and satisfies 

oo ..t 
X{t) = y] Xn (t) en = X+ / Boir {X (s)) ds. 
n=l 

So we see that this equation has infinitely many solutions from every initial 
condition. 

Unfortunately our theory of regularization by noise cannot treat this simple 
example of non-uniqueness, because we need a regularizing operator A in the 
equation, to compensate for the regularity troubles introduced by a cylindrical 
noise. 

4.3 Second infinite dimensional generalization (non- 
uniqueness only for a few initial conditions) 

Let us start in the most obviuos way, namely consider the equation in H = P 

X{t) = e'^x+ [\^'-'^^BDir{X{s))ds 
Jo 

where 

oo 

Ax = — ^ ^ Xn {x, Bn) &n 



n=l 



with Xn > 0, Xl^i i-ep < OO. Componentwise we have 



Xn [t] = e-'^-Xn + / e-(*-^)^"5D»r {Xn (s)) ds. 







For X = (xn) G H with all non-zero components Xn, the solution is unique, with 
components 

Xn (t) = e-^^"Xn + 



Xn 

(we have Xn (s) G IR\Q for a.e. s, hence boir {Xn {s)) = 1; and it is impossible 
to keep a solution constant on a rational value, due to the term e~*^"3;„ which 
always appear). This is also a solution for all x. 
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But from any initial condition x = (xn) £ H such that at least one component 
XriQ is zero, we have at least two solutions: the previous one and any solution 
such that 

This example fits our theory in the sense that all assumptions are satisfied, so 
our main theorem of "uniqueness by noise" applies. However, our theorem states 
only that uniquenes is restored for /i-a.e. x, where is the invariant Gaussian 
measure of the linear stochastic problem, supported on the whole H. We already 
know that this deterministic problem has uniqueness for fi-a.e. x: it has unique 
solution for all x with all components different from zero. Therefore our theorem 
is not empty but not competitive with the deterministic theory, for this example. 

4.4 Infinite dimensional examples with wild 
non- uniqueness 

Let H he a separable Hilbert space with a complete orthonormal system (e„). 
Let A be as in the assumptions of this paper. Assume that ei is eigenvector 
of A with eigenvalue — Ai. Let H be the orthogonal to ei in H, the span of 
62, 63, ... and let B : H ^ H he Borel measurable and bounded. Consider B as 
an operator in H, by setting B (x) = B (X]^2 ^n^n)- 
Let B he defined as 

B (x) = {{Xixi) A 1 + boir (xi)) ei + B (x) 

for all X = {xn) G H. Then B : H ^ H is Borel measurable and bounded. The 
deterministic equation for the first component Xi (t) is, in differential form, 

^Xi it) = -AiXi (t) + AiXi (t) + boir {Xi (t)) 

at 

= hDir {Xi [t)) 

as soon as 

|Xi {t)\ < 1/Ai. 

In other words, the full drift Ax + B (x) is given, on H, by a completely general 
scheme coherent with our assumption (which may have deterministic uniqueness 
or not); and along ei it is the Dirichlet example of subsection 14. 1^ at least as 
soon as a solution satisfies \Xi {t)\ < 1/Ai. 
Start from an initial condition x such that 

|xi| < 1/Ai. 
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Then, by continuity of trajectories and the fact that any possible solution to the 
equation satisfies the inequality 

<Xi\Xi (t)|+2, 

there exists r > such that for every possible solution we have 

\Xi {t)\ < 1/Ai for all t G [0, r] . 

So, on [0, r], all solutions solve -^Xi (t) = bDir {Xi (t)) which has infinitely many 
solutions (step 1). Therefore also the infinite dimensional equation has infinitely 
many solutions. 

We have proved that non-uniqueness hold for all x G if such that xi satisfies 
|xi| < 1/Ai. This set of initial conditions has positive //-measure, hence we have 
a class of examples of deterministic equations where non-uniqueness holds for a 
set of initial conditions with positive /i-measure. Our theorem applies and state 
for fj,-a.e. such initial condition we have uniqueness by noise. 



A Appendix 

A.l Girsanov's Theorem in infinite dimensions with 
respect to a cyUndrical Wiener process 

In the main body of the paper the Girsanov theorem for SDEs on Hilbert spaces 
of type ([1]) with cylindrical Wiener noise is absolutely crucial. Since a complete 
and reasonably self-contained proof is hard to find in the literature, for the 
convenience of the reader, we give a detailed proof of this folklore result (see, 
for instance, [DZ92j . |GG92j and |Fellj ) in our situation, but even for at most 
linearly growing B. The proof is reduced to the Girsanov theorem of general real 
valued continuous local martingales (see |RY99[ (1.7) Theorem, page 329]). 

We consider the situation of the main body of the paper, i.e., we are given 
a negative definite self-adjoint operator A : D{A) C H ^ H on a separable 
Hilbert space {H, (•, •)) with {—A)~^~^^ being of trace class, for some 6 G (0, 1), a 
measurable map B : H ^ H of at most linear growth and W a cylindrical Wiener 
process over H defined on a filtered probability space (ri, J^, J^j , P) represented 
in terms of the eigenbasis {efcl^g^ of {^^^{A)) through a sequence 

Wit) = {/3k{t)ek)km, t>0, (65) 
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where f3k, A; S N, are independent real valued Brownian motions starting at zero 
on (f], J^, J^t, P). Consider the stochastic equations 

dX{t) = {AX{t) + BiX{t)))dt + dW{t), t G [0,r], X(0) = X, (66) 

and 

dZ{t) = AZ{t)dt + dW{t), t G [0, T], Z(0) = X, (67) 
for some T > 0. 



Theorem 13. Let x G if. Then (166p /las a unique weak mild solution and 
its law ¥x on C{[0,T]; H) is equivalent to the law Qx of the solution to (j67p 
(which is just the classical OU process). If B is bounded x may be replaced by an 
J^Q-measurable H -valued random variable. 

The rest of this section is devoted to the proof of this theorem. We first 
need some preparation and start with recalling that because Tr[(— ^)~^~^'^] < oo, 
S G (0, 1), the stochastic convolution 



WA{t):= [\^*-''>^dW{s), t>0, 
Jo 



(68) 



is a well defined J"j-adapted stochastic process ("OU process") with continuous 
paths in H and 



Z{t,x) := e^'^x + WAit), t £ [0,T], (69) 



is the unique mild solution of (j66j) . 

Let b{t), t > 0, be a progressively measurable ff- valued process on {Q,F,Ft,^ 
such that 

r-T 

' < oo (70) 



E 
and 







\b{s)\^ds 



X{t,x) := Z{t,x) + [ e^^~'^'^b{s)ds, tG[0,r]. (71) 
Jo 

We set 

Wk{t) ■.= l3k{t)ek, te[0,T], kGN, (72) 

and define 

Y{t) := [\b{s),dW{s)) := V [\b{s),ek)dWk{s), t e [0,T]. (73) 
^0 rr, Jo 
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Lemma 14. The series on the r.h.s. of (j73p converges in L^(r2, P; C([0, T]; ] 
Hence the stochastic integral Y[t) is well defined and a continuous real-valued 
martingale, which is square integrable. 



E 



Proof. We have for all n, m G N, n > m, by Doob's inequality 

" rt 9. " rT 

s 

{ek,b{s))dWk{s) 
rT 



sup I V / {ek,Ks))dWkis)^] <2e[| V / {ek,bis))dWk{i 
2 ^[ r {ek,bis))dWk{s) C {ei,b{s))dWi{s) 



k,l=m 



2Ve / {ekMs)?ds 
k=m 



0, 



as m,n — )■ oo because of (|70|) . Hence the series on the right hand side of (|73j) 
converges in L^(r2, P; C([0, T]; M)) and the assertion follows. □ 

Remark 15. It can be shown that if /q (6(s), dVF(,s)), t € [0, T], is defined as 
usual, using approximations by elementary functions (see |PR07l Lemma 2.4.2]) 
the resulting process is the same. 

It is now easy to calculate the corresponding variation process {^Q{b{s) , dW {s))'^ ^ , 

i G [o,r]. 



Lemma 16. We have 



<Y>t 



{b{s),dW{s)) 



= f\b{s)\^ds, te[o,T]. 

t JO 



Proof. We have to show that 



Y\t)- / \bis)\^ds, tG[0,T], 



is a martingale, i.e. for all bounded J-j-stopping times r we have 



\b{s)\'^ds 



which follows immediately as in the proof of Lemma [T4l 



□ 
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Define the measure 

on {VI, T), which is equivalent to P. Since S{t) := e^'^^^~-^<^>\ t G [0,r], is 
a nonnegative local martingale, it follows by Fatou's Lemma that it is a super- 
martingale, and since S{0) = 1, we have 

E[£{t)] < E[£{0)] = 1. 

Hence P is a sub-probability measure. 

Proposition 17. Suppose that¥ is a probability measure i.e. 

E[£{T)] = 1. (75) 

Then ^ 

Wk{t) := Wk{t) - [ {ek,b{s))ds, t e [o,r], keN, 
Jo 

are independent real-valued Brownian motions starting at on (il., J-", (J-t), P) i.e. 

W{t) := {W{t)ek)kem t€[0,T], 
is a cylindrical Wiener process over H on (0, J-", (/"j ), P). 

Proof. By the classical Girsanov Theorem (for general real-valued martingales, 
see |RY991 (1.7) Theorem, page 329]) it follows that for every /c G N 

Wk{t) - {Wk,Y)t, tG[o,r], 

is a local martingale under P. Set 

ynit):=y] / {ek,bis))dWk{s), tG[0,T], nGN 

Then, because by Cauchy-Schwartz's inequality 

\{Wk,Y-Yn)\t = {Wk)y'{Y-Yn)y\ te[0,T], 

and since 

E[{Y - Yn)t] = n{Y - Ynf] ^0 as n ^ oo, 

by Lemma [T^ we conclude that (selecting a subsequence if necessary) P-a.s. for 
aU t e [0, T] 

{Wk,Y)t= lim {Wk,Yn)t= [ {ek,b{s))ds, 
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since {W^, Wi)t = if 7^ Z, by independence. Hence each Wk is a local martin- 
gale under P. ^ 

It remains to show that for every n € N, (Wi, ...,Wn) is, under P, an n- 
dimensional Brownian motion. But P-a.s. for / 7^ k 

{Wi,Wk)t = {Wi,Wk)t = Si,k{t), t G [o,r]. 

Since P is equivalent to P, this also holds P-a.s. Hence by Levy's characterization 
theorem ( |RY991 (3.6) Theorem, page 150]) it follows that {Wi, ...,Wn) is an n- 
dimensional Brownian motion in M" for all n, under P. □ 

Proposition 18. Let WA{t), t € [0, T], be defined as in (j68p . Then there exists 
e > such that 



E 



exp <^ e sup \WA{t)\ 

I t&[0,T] 



< 00. 



Proof. Consider the distribution Qo := F o W^'^ of Wa on E := C{[0,T];H). If 
Qo is a Gaussian measure on E, the assertion follows by Fernique's Theorem. To 
show that Qo is a Gaussian measure on E we have to show that for each I in the 
dual space E' of E we have that Qo ° is Gaussian on M. We prove this in two 
steps. 

Step 1. Let to £ [0, r], h & H and £{uj) := {h,uj{tQ)) for co £ E. To see that 
Qo o^"-*^ is Gaussian on R, consider a sequence 6k G C([0, T]; R), A; G N, such that 
5k{t)dt converges weakly to the Dirac measure et^. Then for all uj G E 



£{uj) = lim / {h,uj{s)) 6k{s)ds = lim / {h6k{s),uj{s))ds. 

/^^oo Jo k^oo Jq 

Since (e.g. by |Da04t Proposition 2.15] the law of Wa in L^(0, T; H) is Gaussian, 
it follows that the distribution of i is Gaussian. 

Step 2. The following argument is taken from |DL12t Proposition A. 2]. Let 
oj & E, then we can consider its Bernstein approximation 

Pn{uj){t) := J2 (?) <Pfc,n(t)w(A;/n), n G N, 

where (pk,n{t) '■= t^i^ ~ t)^~'^ . But the linear map 

H B X ^ i{xLpk^n) G ^ 
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is continuous in H, hence there exists G H such that 

Since /3n{u}) — )• co uniformly for all u £ E, it follows that for all w E £^ 
iiuj) = lim i{(3nioj)) = lim V (f) {hk,n,^{k/n)) , n G N. 

k=l ^ ^ 

Hence it follows by Step 1 that Qo o l^^ is Gaussian. □ 



Now we turn to SDE (j66p and define 



(76) 



:= MP. 

Obviously, Proposition 1191 below implies (|70p and that hence M is well-defined. 

Proposition 19. P^ is a probability measure on {Q,J^), i.e. E(M) = 1. 

Proof. As before we set Z{t,x) := e^^x + WA{t), t S [0,T]. By Proposition 
[18] the arguments below are standard, (see e.g |KS91l Corollaries 5.14 and 5.16, 
pages 199/200]). Since B is of at most linear growth, by Proposition [18] we can 
find TV S N large enough such that for all < i < and ti := ^ 



E 



< oo. 



Defining Si (e*^x+T^A(t)) := l(u.i,u]{t)B{e^'^x+WA{t)) it follows from Novikov's 
criterion f |RY99l (1.16) Corollary, page 333]) that for all 1 < i < iV 

is an J-t-martingale under P. But then since i5j(tj„i) = 1, by the martingale 
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property of each £i we can conclude that 



E 



Jl{B{e^Ax+WA{s))4W{s))^\j'^\B{e'Ax+WA(s)\^ds 



¥.[SN{tN)£N~l{tN~l) ■ ■ ■ £l{tl)] 

W.[SN{tN~l)£N-l{tN-l)---£l{ti)] 

¥.[£N-l{tN-l)---£l{tl)] 



= E[fl(tl)] =E[fi(io)] = 1. 

□ 

Remark 20. It is obvious from the previous proof that x may always be replaced 
by an /"o-™easurable iJ-valued r.v. which is exponentially integrable, and by any 
J-Q-measurable -ff -valued r.v. if B is bounded. The same holds for the rest of the 
proof of Theorem 1 13| i.e., the following two propositions. 

Proposition 21. We have P^j-a.s. 

Z{t,x) = e'^x+ f e^'-'^'^B{Z{s,x))ds+ [\^'-''^^dW{s), t e [0,T], (77) 
JO Jo 



where W is the cylindrical Wiener process under ¥x introduced in Proposition 1 7 
with b{s) := B{Z{s,x)), which applies because of Proposition [TPl i.e. under F^, 
Z{-,x) is a mild solution of 

dZ{t) = {AZ{t) + B{Z{t)))dt + dW{t), tG[0,r], Z{0) = x. 

Proof. Since B is of at most linear growth and because of Proposition [181 to 
prove (|771) it is enough to show that for all /c G N and Xk := (cfc, x) ior x £ H we 
have, since Ae^ = — A^efc, that 

dZkit,x) = i-Xi,Zkit,x) + Bi,{Z{t,x)))dt + dWkit), tG[0,T], Z{0) = x. 

But this is obvious by the definition of W^- □ 

Proposition [21] settles the existence part of Theorem [T3j Now let us turn to 
the uniqueness part and complete the proof of Theorem [T3l 
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Proposition 22. The weak solution to (|66p constructed above is unique and its 
law is equivalent to with density in L'f{i},¥) for all p > 1. 

Proof. Let X{t, x), t £ [0, T], be a weak solution to (j66p on a filtered probability 
space (J-t),P) for a cylindrical process of type ([65]). Hence 

X(t,x) = e*^x + TVaIO + / e(*"')^5(X(s,x))(is, 

JO 

Since is at most of linear growth, it follows from Gronwall's inequality that 
for some constant C > 



sup \X{t,x)\ < Ci 1+ sup |e*^x + WA(t)| 
tG[0,T] \ te[o,T] 



Hence by Proposition [TH] 



E 



exp < e sup \X{t, x) 

I t6[0,T] 



< CO. 



Define 



(78) 



M := e-/6^<-B{X{s,x)),dM/W>-|/(f 
and P := M • P. Then by exactly the same arguments as above 

E[M] = 1. 

Hence by Proposition 1171 defining 

Wk{t):=Wk{t)+ [\ek,B{X{s,x)))ds, t € [0, T], A: € N, 
Jo 

we obtain that W{t) := {Wk{t)ek)k<^N is a cylindrical Wiener process under P 
and thus 

WA{t):= [ e(*-^)^dVF(s) = + [ e^^-''>^B{X{s,x))ds, tG[0,T], 

Jo Jo 

and therefore, 

X{t,x) =e^^x + WA{t), tG[0,r], 

is an Ornstein-Uhlenbeck process under P starting at x. But since it is easy to 
see that. 



^{BiX{s,x)),dW{s)) = r {B{X{s,x)),dW{s)) 



\B{X{s,x))\'^ds, 
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it follows that 

Since ^ 

Wk{t) = {ek,WA{t)) + Xk [ {ek,WA{s))ds 

Jo 

and since X{s,x) = e^^x + WA{s), it follows that J^^^ {B{X{s,x)),dW{s)) is mea- 
surable with respect to the fj-algebra generated by Wa, hence ^ = px{X{-,x)) 
for some px G B[C{[0,T]; H)) and thus setting ■= X{-,x)~^, we get 

:=PoX(-,x)-^ =/),Q,. 

But since it is well known that the mild solution of ()67p is unique in distri- 
bution, the assertion follows, because clearly px > 0, Qa;-a.s. □ 



A.2 

Lemma 23. Let f E W^^^{H,p) n Cb{H). Let X = (Xt) and Y = (Yt) be two 
solutions to ([1]) starting from a deterministic x £ H or from a r.v. x as in 
TheoremUl Let t > 0. Then for dt ® P-a.e. (i, w) we have 

[ \Df{rXt{uj) + {1 - r)Yt{oj))\dr <oo and (79) 
Jo 



fiXtiu)) - fiYtiu;)) 



(80) 



{Df{rXt{oj) + (1 - r)Yt{u;)),Xtiio) - Ytiio))dr. 



Proof. Formula ()80p is meaningful if we consider a Borel representative of Df E 
L^(/x), i.e., we consider a Borel function g : H ^ H such that g = Df, p-a.e.. 

Clearly the r.h.s. of (j80|) is independent of this chosen version because (setting 
again = rXt -|- (1 — r)Yt) it is equal to 



[' Df{ZliLo))dr,Xt{uj)-Yt 
Jo 



and for a Borel function g : H ^ H with g = p-a.e. we have, for any T > 0, 
(0,T], 



E 



\g{Zl)\drdt 



E\{g{Zl)\drdt = 0, 
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since by the Girsanov theorem (see Theorem 1 13p the law of the r.v. ZJ', r G [0, 1], 
is absolutely continuous with respect to fi. 

Let us prove ([80]) . By |DZ021 Section 9.2] there exists a sequence of functions 
ifn) C C^{H) (each is also of exponential type) such that 



fn ^ /, Dfr, ^ Df in L\fi), 
as n — )■ oo. We fix t > and write, for any n > 1, 



fn{Xt) - fniYt) 



['{DUrXt + (1 - r)Yt),Xt - Yt)dr. 
Jo 



(81) 



(82) 



For a fixed T > we will show that, as n — )■ oo, the left-hand side and the right- 
hand side of ([82]) converge in L^{[e,T] x il,(it(8)P), respectively, to the left-hand 
side and the right-hand side of (|80|) for all e G (0,T]. 

We only prove convergence of the right-hand side of (I82p (the convergence of 
the left-hand side is similar and simpler). 

Fix e G (0, T]. We first consider the case in which x is deterministic. We get, 
using the Girsanov theorem (see Theorem as in the proof of Proposition [TU] 



E 



\DUrXt + (1 - r)Yt) - Df{rXt + (1 - r)Yt)\ \{Xt - Yt)\drdt 
<M j' £ E\Dfn{rXt + (1 - r)Yt) - Df{rXt + (1 - r)Yt)\drdt 



< M' 



E 



T 



\Dfn{rXt + (1 - r)Yt) - Df{rXt + (1 - r)Yt)\dt 



dr 



<m(^ E[p;^]dr 



1/2 







< C 



T 



n\DU{Ut)-Df{Ut)\^]dtdr 

1/2 



1/2 



E[\DU{Ut)-Df{Utr]dt 



where Ut is an OU-process starting at x. By |DZ021 Lemma 10.3.3], we know 
that, for t > 0, the law of Ut has a positive density Tr(t,x, •) with respect to fi, 
bounded on [e,T] x H . 

It easily follows (using §2)) that J^E[\Dfn{Ut) - Df{Ut)\^]dt ^ 0, as n ^ 
oo, and so a„ — )■ 0. 

Similarly, one proves that 



T 



E 



\Df{rXt + {l-r)Yt)\dr 
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dt < oo. 



Now since e G (0, T] was arbitrary, the assertion follows for every (non-random) 
initial condition x £ H. 

Now let us consider the case in which x is an /"o"™6asurable r.v.. Using 
Remark [20l analogously, we find, with 1/p + 1/p' = 1 and 1 < p < 2, 

1 T 

^n<M ^ E[p;'/Ppl/P\Dfn{rXt + (1 - r)Yt) - Df{rXt + (1 - r)Yt)\] dtdr 
< M'(^j\[p;^''r^]drY'' j\[\DUUt) " D f{Umdtdr)"'' 



< 



c(^j\[\DUUt)-Df{Ut)\^]dt 



1/p 



where Ut is an OU-process such that Uq = x, P-a.s.. Using with \Dfn — Df\P 
instead of / and = 2/p, as above we arrive at 



an < aWhof", ( [ \Dfn{x) - Df{x)\^fi{dx: 



1/2 



where /iq denotes the density of the law of x with respect to p. Passing to 
the limit, by (i82]l we get — )■ 0. Then analogously to the case where x is 
deterministic, we complete the proof. □ 
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